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¢ There are 9 problems with 100 points in this test.

e Please show all your work for partial credits.

1. (15 pts) Let T : R® — R3 be the linear transformation defined by T'(x) = Ax, where

1 2 3 i)
A=] 0 —1 1 |.Determine whether T has an inverse. If so, find 71 T
2 3 8 T3

2. (15 pts) Calculate eigenvalues of the matrix

1 -3 3
A= 3 -5 3
6 —6 4

Is A diagonalizable? If yes, find an invertible matrix P such that P~1AP is diagonal.

3. (10 pts) Find all solutions (if any) to the linear system:

1+ 2x9 —3x3+4x4 = 2
2¢y + 59 — 203 +24 = 1
5141209 — Tx3 + 624 = 4

4. (10 pts) Prove that § = {(z,v, 2)| 2z — 4y + 6z = 0} is a subspace of R3. Find an orthonormal
basis for S.
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5. (10 pts) Find a basis for the row space of the matrix

1 3 2
1 41
2 5 5

6. (10 pts) Determine whether the following statements are true or false. You must explain your

answers for credits.

(a) (5 pts) Let A be a square matrix. Suppose that A™ = 0 for some positive integer n. Then,
A is singular.

(b) (5 pts) Let {v1,vs,vs} be a basis for a vector space V. Then, the set
{’U1 - 2U2 + 3’03, 3U2 - 4’U3, 2’(}3}

is also a basis for V.

7. (10 pts) Let A be the following symmetric matrix:

(a) (5 pts) Find an orthogonal matrix @ such that QT AQ = D is a diagonal matrix. What is
the diagonal matrix D7

(b) (5 pts) Explain how to use this result to find the eigenvalues and eigenvectors of the matrix
A10?

# 3R R 2R
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8. (10 pts) Let T} : P — P, be the linear transformation defined by
Ti(p(z)) = (2z + 1)p(z),  Vp(z) € Py,
and let 75 : P, — P» be the linear transformation defined by
Ta(p(z)) =p(2x—1),  Vp(z) € P.

Let us choose B = {1,z} and B’ = {1,x,z?} to be the basis for P; and P, respectively. Find
the matrix representation M for the transformation (7% o T7). What is the rank of the matrix

M?

9. (10 pts) Find all (nonequivalent) Jordan matrices with characteristic polynomial p(\) = (A—5)*.

Furthermore, find the minimum polynomial for each of the Jordan matrices.
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