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Notations:

(1) IR is the set of all real numbers and IR™ is the set of all n-tu

ples with entries

from IR.

(2) P,(IR) is the set of all polynomials with degree less than or equal to n and

cocfficients in IR.

(3) Bn:={l,z, z%,--- ,z"} is the standard ordered basis of P,(IR).

(4) Mypxn(IR) is the set of all m x matrices with entries from IR.

Problems:

1.

. Let

(10%) Prove or disprove the following statement:
Let T : IR3 — IR* be a lincar transformation. Then T is onc-to-onc if and only

if the null space (or called kernel) of T is spanned by (0,0,0) € R®.

(10%) Define T" : Py(R) — P(R) by T(f)(z) = 2f'(z) + [y F(t)dt. Find the
matrix representation of T in the stantard ordered bases S, and fs.

m-{le
w={[p %

(a) (7%) Find the dimension of Wi N Ws. Justify your answer.
(b) (8%) Find the dimension of Wy + W,. Justify your answer.

a,b,cE]R.}

a,bElR.}.

Let A € Myxn(IR) and P € Mpun(RR).

(a) (7%) Show that rank(AP)< rank(A).
(b) (8%) Show that rank(AP)=rank(A) if P is invertible.

(10%) Prove or disprove the following statement: If A € Mo (IR) satisfies

s 1 -2
-3

then A is invertible.

6. (a) (10%) Let A€ Msy3(IR). Suppose that A has three eigenvalues 1, 2 and

3. Show that A is diagonalizable.
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(b) (10%) Let A € Msxs(IR). Supposc that

det(A — M) = —(A —4)*(A = 5)%.

Either prove that A is diagonalizable or find all possible Jordan canonical

forms of A.

7. Let C|—1,1] be the space with all continuous functions on [—1,1

inner product on C[—1,1] by

(f,9) = [] f(x)g(z)dx for f,g € C[-1,1]

and set

If1] = V£, f)-

]. Define an

(a) (10%) Find an orthonormal basis of P;(IR) by using the Gram-Schmidt

process applied to fa.

(b) (10%) Let h(z) = £3. Find a polynomial u € Py(IR) such that

Ih— £} > [|h — ull for all f € Po(IR).




